CHAPTER 2. FUNCTIONS
Section 2.1 Functions and Function Notation

Quick Quiz:
1. In the graph shown, y is a function of x, because for every x, there is a unique y. That is, the graph
passes a vertical line test.

However, = is not a function of y. It is NOT true that for every y, there is a unique x. That is, the
graph does NOT pass a horizontal line test.

P —y4+1=0 = y=z2+1

For every value of z, there is a unique value of y. Thus, y is a function of z.

Poy+l1=0 = 2*=y-1
— x==xy-—-1

For each allowable y-value, there are two x-values. Therefore, x is NOT a function of y.
Calling the function f: f(z) = (% — 3)?
g(=1)=2(-1)2-1=2-1=1
g(z?) =2(x?)?-1=22* -1
End-of-Section Exercises:
L. f(0)=0-1=-1
)=1-1=0

f

f(= 1) (*) —1l=-1-1=-2

f(t) =

f(f(2)) first find f(2): f(2) =2° — 1 =T7; then, f(f(2)) = f(7) =7> -1 =342
3. f(=2)=]-2[=2

t ift>0

f(t)_m_{t ift<0

f(=t) ==t =t

f(@?) = [a?] = []?
5 h(—z)=-L=-1

h(h(z)) =h(3) =75 ==

h(%):ﬁ:x

hiz + Az) = z+1Am

h(lzl) = o7 = |2
7. h1,1)=124+12-1=1

h(z,2) =22+ 2% -1 =222 -1

hy,x) = y* +2* — 1 = h(z,y)

h(z + Az, y + Ay) = (v + Az)? + (y + Ay)? —

458



copyright Dr. Carol JV Fisher Burns http://www.onemathematicalcat.org 459
Section 2.2 Graphs of Functions
Quick Quiz:
1.

D(f) ={z |2z —1>0and z* -9 # 0}
= {z | 2z > 1 and 2* # 9}

1
:{x|m2§and|x|7é3}

1
:{x|m2§andx7é3andx7$—3}

1
:{x|m2§andx7é3}

Note that if x > %, then automatically, = is not equal to —3.

2. TRUE. The order that elements are listed in a set is unimportant. In this sentence, the ‘=" sign is being
used for equality of SETS.

3. By definition, the graph of f is the set of points {(x, f(x)) | = € D(f)}. More precisely, the graph
usually refers to a (partial) picture of this set of points, in the xy-plane.

4. D(f) =[3,00); the graph is ‘built up’ below:

R MULT. 4y VT3
Yy=V= smer 197 V3 L
8y 2

-~
R\GHT

3 2 4

h-- - : i

l It — ", 4 ‘rt —+ 3 4 —_— t
5. P(—1) = (-1)*=2(-1)24+1 = 1—-2+1 = 0; therefore —1 is a root of P. Long division by z—(—1) = z+1

yields: 2
XK -k
x#l 2% 28 4

(x4 e)
X - 4+

-(-%?-%3)

R
-(-x¥-x)
x4
X+

o

Therefore: P(z) = (z +1)(2% — 22—z +1)
End-Of-Section Exercises:
EXP; this is a set.

3. SEN; TRUE. The component sentences ‘z > 2 and = # 1’ and ‘x > 2’ always have the same truth
values. Both are true on [2,00) and false elsewhere.
5. SEN; TRUE

SEN; TRUE. Both sets are equal to {3}.
SEN; this is TRUE (by definition), providing ¢ is a function of one variable.
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The graphs requested in problems 11 and 13 are given below:

y = £(x) A Y= W)
8 5 ¢ .
® o ©
3¢ @
2+ 0
'y | 1o
‘e — Il

Section 2.3 Composite Functions

Quick Quiz:

1. AnB:={z|xz€Aandz e B}. If A=[1,3) and B = {1,2,3}, then AN B = {1,2} since the only
elements that are in both A and B are 1 and 2.

2. The sentence ‘[1,3] C {1,3}’ is FALSE. For example, 2 € [1, 3], but 2 ¢ {1, 3}.
The sentence ‘{1,3} C [1,3] is TRUE.
The sentence ‘For all sets A and B, AN B C A’ is TRUE. Everything that is in BOTH A and B, is
alsoin A.

3. (f+9)(x) = f(z)+g(z)
D(f +4g) = {x | = € D(f) and = € D(g)} = D(f) N D(g)

4. The function f takes an input x, multiplies by 2, then subtracts 1. Define b(z) = 2z and a(z) = = — 1;
then:

(a0 b)(x) i= a(b(x))
= a(2x)
=2x—1

{ = f()
=) JE

5. R(f) ={1,—1}. The only two output values taken on by f are 1 and —1.

- |

End-Of-Section Exercises:
EXP; AU B is a set.
SEN; CONDITIONAL. The truth of the sentence ‘A C B’ depends upon the sets A and B.

SEN; CONDITIONAL. The sentence ‘R(f) = R’ states that the range of a function is the set of real
numbers; the truth of this sentence depends upon the function f being referred to.

7. SEN; CONDITIONAL. The truth of this sentence depends upon the choice of functions f and g, and
the choice of z.

9. SEN; FALSE. The set {a} is NOT an element of the set {a,b}.
1. R(f) = [0,8]
13. R(h) = {1,2,3,4,5}
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Section 2.4 One-to-One Functions and Inverse Functions

Quick Quiz:
1. The function f(z) = 2% is NOT a one-to-one function. It does NOT have the property for every y,
there is a unique z. That is, it does NOT pass the horizontal line test.
2. Translation: ‘For every y in the range of f, there exists a unique z in the domain of f.” This is the
‘one-to-one’ condition for a function f.
3. One correct graph is shown below:
9
—> X
4. f(fY=x) =z VreR(f)
[ (f(@) =2 Yz eD(f)
5. The graph of f is the line shown below; it is clearly 1 — 1. The function f takes an input z, multiplies

by %, then subtracts 1; to ‘undo’ this, f~! must take an input z, add 1, then divide by % (that is,
multiply by 3). Thus: f~(z) =3(z +1)

Ay = £lx) ¥
MULT BY SUBTRACT
B diE I IR+

~_— «—__
MULT BY 3 o0 1

!

o= B

End-Of-Section Exercises:

© N o=

EXP; this is a function f~!, evaluated at x
SEN; T

EXP

SEN; T

EXP

11. D(f) =R, R(f) = (=2,00)

a
] 4;05:3;(1 AF\)" In -
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13. D(h) =R, R(h) = (5,00)

x
h3= e
SHIFT

m
LEFT 3
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